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A Calibration Method for Eye-Gaze Estimation
Systems Based on 3D Geometrical Optics

Hwaran Lee, Nadeem Iqbal, Wonil Chang, and Soo-Young Lee

Abstract— A new calibration method is presented for robust
eye-gaze estimation systems which are utilized to understand
the human mind. Although current eye-gaze systems with one
camera and a few infrared light sources have been developed to
allow users’ head motion, they still require one to know the
relative positions between the camera and light sources with
very high accuracy. The developed calibration method utilizes
a three-dimensional geometrical relationship between the light
source positions and corresponding camera images reflected on
a mirror at several positions and rotations. The best estimates of
the light source positions are obtained from noisy measurements
by minimizing a cost function, which ensures the integrity of
the camera and light sources. The developed calibration method
makes it possible to convert many camera-and-display devices
into robust eye-gaze estimation systems.

Index Terms— Eye-gaze estimation system, sensor system
calibration, model-based eye-gaze estimation.

I. INTRODUCTION

EYES are windows of the brain. The brain processes
sensory data by putting attention to specific components

for efficiency. This is especially true to human visual system,
which handles huge information in real-time by selectively
processing only parts of the whole visual scene [1]. Therefore,
the tracking of eye-gaze provides clues on the current status
of brain information processing for both normal and atypical.
Especially, the eye-gaze estimation requires only non-invasive
process and has been widely used for both children and adults
for both clinical and research purposes [2]–[7].

Eye-gaze tracking technologies are categorized into two
approaches, i.e., interpolation (or regression) and model-based
(or geometric) methods [8]. The interpolation methods obtain a
mapping function from 2-dimensional (2D) eye-image features
(or raw images) to determine the gaze position [9]. Although
the interpolation methods are quite simple, they have difficulty
to allow head movement and therefore are not suitable for
many real-world applications. The model-based approaches
utilize the 3-dimensional (3D) geometric relationship among
the eye(s), camera, and infrared light sources [10]–[16]. The
optical axis is estimated as the line between the cornea and
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the pupil centers, from which the visual axis is obtainable
in connection with user-dependent offset angles. The model-
based approaches can allow relative motion between the device
and the user’s eye and have potential advantages over the
interpolation approaches.

However, in order to estimate the visual axis accurately,
the model-based approaches require accurate values for a
few system and user parameters. The former includes camera
focal length and relative positions among the camera and
light emitting diodes (or display screen), while the latter
includes offset angles between the optical and visual axes.
The visual axis is very sensitive to these parameters, and
it is still challenging to obtain accurate eye-gaze estimation
from consumer or custom-made devices with one camera and
a small display. Therefore, a stereo camera [17] or a large
display screen [18] had been used. In this paper, a novel
method is presented to calibrate the system parameters for
the eye-gaze estimation systems based on mobile consumer
devices.

The remainder of this paper is organized as follows:
Section II presents the eye-gaze system hardware and algo-
rithm, and Section III describes the proposed calibration
method. Experimental setup and results are presented in
Section V.

II. GEOMETRICAL PROPERTIES OF THE SYSTEM

Figure 1(a) shows an eye-gaze estimation system containing
a single camera and multiple light sources. It may be a
consumer device (i.e., a smartphone) or custom-made device
(i.e., personal computer or touchpad with an additional cam-
era). The L light sources denoted by si (i = 1, . . . , L) are
located on the edges of the display screen, or some display
pixels serve as the light sources. When eyes are located in
front of this system, the camera captures glints of these lights
at cornea surface as well as the pupil. One can estimate the
cornea center from the geometrical relationship among the
glint camera images and light source positions. Also, the pupil
center is estimated from the elliptic pupil images. The eye-gaze
optical axis is obtainable by connecting the cornea and pupil
centers. The visual axis may be estimated with slight rotations
from the optical axis, of which parameters are user dependent
and estimated from binocular images.

Figure 1(b) shows the geometric relation among the light
source s, camera center o, and cornea center c. In this paper a
symbol with lower-case bold fonts denotes a physical position,
and also a 3D vector from the camera center o. A spherical
cornea is assumed with its center c and radius r . Let’s consider
the i -th light source si , the corresponding glint image ui on
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(a) (b)

Fig. 1. (a) An eye-gaze estimation system with a single camera and multiple (infrared) light sources for glint generation. Some pixels of the display may
serve as the light sources. (b) Geometrical relations among a light source, a cornea, and a camera. (The cornea and camera are shown to be much bigger than
actual sizes.)

the camera imaging plane, and a reflection point hi on the
cornea surface. The subscript i represents the i th light source.
In this system, o, si , ui, di and mi are measured with some
accuracy, but c and r need be estimated with high accuracy.

The cornea radius r is an important user parameter for
the accurate estimation of the cornea center, and usually is
estimated from the glint images. The model-base approaches
utilize geometrical relation to find the cornea radius and also
the cornea center.

Each light source defines a plane with three positions, o, si ,
and ui , and the cornea center c and the reflection point hi are
required to be located on the same plane. Also, the reflection
law assures that the angle of incidence θi is equal to the angle
of reflection. The cornea radius r is related to the distance
k = ‖c‖ between the cornea center and the camera center as

k

r
= sin θi

sin βi
(1)

r

di
= sin βi

sin(θi − βi )

sin(2θi + αi )

sin 2θi
, (2)

where both the distance di between the light source and the
camera center, and the angle αi between the light source and
the glint vector are obtainable by measurements or calibration
process in advance.

Two planes defined by two light sources si and s j form
an intersect line denoted by a vector wi j , and both o and c
should be located on this line. Since c and wi j are on the
same direction, the angle βi between −ui and c is uniquely
determined from two light sources. Since r and k should be
the same for all light sources, the optimum estimation of the
cornea radius r is obtainable by minimizing a cost function
defined as

f (r) = 1

2

L∑

i=1

i−1∑

j=1

(
sin θi (r)

sin βi
− sin θ j (r)

sin β j

)2

, (3)

where θi (r) is defined as the inverse function of (2). It is
important to note that only one variable r is used to minimize
the cost function, and the simple gradient descent iteration is
applicable as

r ← r − η∂ f (r)

∂r
(4)

with a learning rate η.

At each iteration, new θi values are estimated by numer-
ically solving the nonlinear equation (2) with new r value.
Then, from (1), the value of k and the cornea center position c
are obtained.

The robustness to unknown background illumination is a
very critical requirement to many vision systems. To obtain
this robustness one can utilize frame difference images. As
shown in Figure 2, while the light sources are blinking at a
high frame rate (60 Hz or higher), the system records images
of user’s eyes in synchronization with the blinking. Then,
provided that the background illumination changed slowly, the
frame difference images remove effects of the background illu-
mination. Accurate position of the glint images is obtainable
by a weighted average of the glint image intensities. For the
higher accuracy the temporal average may also be applicable.
The estimation of pupil center needs similar processing with
two additional steps, i.e., the edge detection and elliptic curve
fitting.

III. NOISE CORRECTION FOR LIGHT SOURCE POSITIONS

Although the head motion is allowed in this model-based
eye-gaze system, the eye-gaze angle is very sensitive to the
system parameters such as the relative positions among the
camera and light sources. Even a very small error on si causes
a large error on the estimated cornea radius r , cornea center
position c, and the estimated gaze angle. In Figure 3 the eye-
gaze angular error is plotted as a function of the light source
position error for typical eye-gaze estimation systems Here,
we assume that all light sources are on the display screen. As
shown in Figure 3, it is required to have 0.1 mm light position
accuracy for 1 degree accuracy in the eye-gaze optical axis.

The i -th light source position si needs be estimated from
manufacturer’s specification sheet or measured by a ruler,
while the image position ui is estimated from the camera
images. Due to recent high-resolution cameras, ui can be
estimated with much better accuracy than si . However, simple
ruler measurements on si may not provide the required accu-
racy, and it is important to calibrate the system for accurate
light source positions. Therefore, we devised a calibration
method to estimate correct light source position si from
corresponding image position ui .
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Fig. 2. Image processing for detecting glint location ui . (a) Four white boxes of edge size 75px are illuminating at each corner of the screen.
(A large number of pixels is used here just to show the glint images clearly.) (b) The display is blinking at a high frame rate and the camera captures
both images with and without the glints. (c) Absolute values of the frame difference become robust to background illumination. (d) Enlarged images of the
left eye.

Fig. 3. Angular error of the gazing optical axis as a function of light source
position error. The mean and standard deviation are plotted with 50 Gaussian
random realizations.

A. Formulation as an Optimization Problem

Since the light sources are not within the viewing angle
of the camera, a mirror is placed in front of the system for
the calibration. It is worth noting that a mirror is equivalent
to a cornea with infinite radius. Therefore, as shown in
Figure 4, one can modify the geometrical relations described
in Section II. The relation between the light source position
si and corresponding image position ui is utilized with mul-
tiple mirror positions and/or rotation angles. Here, the main
simplification comes from βi = θi .

Since a light source si forms a plane (�si ui o) any two
light sources si and s j determine a unit vector wi j , which lies
on the intersection line of two planes (�si ui o) and (�s j u j o)
and is heading toward the mirror. Both planes and intersection
vector wi j are perpendicular to the mirror. Without any error
on the light source position si and its image ui , wi j ’s should
be the same for all (ij) pairs. With errors on si , wi j ’s are not
the same and an average value may be defined as

ŵav = 2

L(L − 1)

L∑

i=1

i−1∑

j=1

wi j , wav = ŵav∥∥ŵav
∥∥ . (5)

Fig. 4. Reflection of a light source si by a mirror and its image ui on a
camera. Here, wi j is aligned to z-axis at a new rotated coordinate system.

Here, we rotated the original camera coordinate system to align
wav on the z-axis by

Rm =
⎡

⎣
− sin ϕm cosϕm 0

cosφm cosϕm cosφm sin ϕm − sin φm

sin φm cosϕm sin φm sin ϕm cosφm

⎤

⎦ , (6)

where φm and ϕm are polar and azimuthal angles of wav in
the original camera coordinate system, respectively. Then, to
locate ui on the (yz)-plane, the second rotation along the z-axis
is introduced as

Qmi =
⎡

⎣
− sinψmi cosψmi 0
cosψmi sinψmi 0

0 0 1

⎤

⎦ . (7)

These rotations result in a transform of position vectors from
the original camera-centered coordinated system into a new
coordinate system as

ûmi = Qmi Rmui and ŝmi = Qmi Rmsi (8)

Here, a hat (∧) denotes the rotated coordinate system. (For
notational simplicity the subscript m and hat (∧) are omitted
in Figure 4.) Then, the reflection point hi is determined as

ĥ y
mi =

1

2

(
ŝ y

mi + ŝz
mi tan θmi

)
,

ĥz
mi =

1

2

(
ŝz

mi + ŝ y
mi cot θmi

)
(9)
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where superscript y and z denote the y and z components,
respectively. It is important to note that the reflection point hi

is located on the mirror and ĥz
mi should be the same for all

light sources with a mirror position and rotation.
Now, we are ready to introduce a cost function to minimize

for the reduction of the light source position errors. The error
on si consists of two components, i.e., one on the �ozui

plane and the other perpendicular to the plane. While the
latter may be reduced by simply minimizing the perpendicular
components (ŝ x

mi ), the former requires more sophisticated
processes. Here, we propose to utilize the co-planarity of the
reflection point hi ’s. The resulting cost function becomes

E(S) = λEo(S)+ (1− λ)E p(S), (10)

where Eo and E p are related to the errors on and perpendicular
to the �ozui plane, respectively. Also, S is a matrix formed
from all light source positions si ’s, and λ is a relative weight
between the two terms. The first term is defined as

Em(S) = 1

2

M∑

m=1

L∑

i=1

L∑

j=1

[
ĥz

mi (si )− ĥz
mj (s j )

]2

= 1

2

M∑

m=1

L∑

i=1

L∑

j=1

(
ĝT

mi si − ĝT
mj s j

)2

=
L∑

i=1

sT
i Gii si −

L∑

j=1

L∑

i=1

sT
i Gi j s j (11)

where

gmi = 1

2

[
0 cot θmi 1

]T
, ĝT

mi = gT
mi Qmi Rm , (12a)

Gi j =
M∑

m=1

ĝmi ĝT
mj =

M∑

m=1

RT
mQT

mi gmi gT
mj Qmj Rm . (12b)

The second term is defined as

Ei (S) = 1

2

M∑

m=1

L∑

i=1

[
ŝ x

mi (si )
]2

= 1

2

M∑

m=1

L∑

i=1

(
v̂T

mi si

)2 = 1

2

L∑

i=1

sT
i Vii si (13)

where

v = [
1 0 0

]T
, v̂T

mi = vT Qmi Rm , (14a)

Vi j =
M∑

m=1

v̂mi v̂T
mj =

M∑

m=1

RT
mQT

mi vvT Qmj Rm . (14b)

By minimizing the cost function (10), one obtains error-
reduced light source positions si ’s from accurate ui ’s and noisy
si ’s. However, both Eo and E p are not normalized, and si = 0
becomes a trivial solution. Non-trivial solutions are obtainable
by imposing an additional constraint such as a fixed value
on ‖si‖ or sz

i . If the light sources are located on the display
surface or some display pixels are used as the light sources,
the latter constraint, i.e., a fixed sz

i is applicable.
Let’s consider the uniqueness of the optimization solution.

With only one mirror position and a known normal vector

wav any point along si hi line does not change the cost func-
tion (10). Therefore, with one mirror position, the optimization
problem is underdetermined and has many possible solutions.
Multiple mirror positions are required.

With M mirror positions and L light sources equations (11)
and (13) are optimization formulations of M(L-1) equality
constraints (ĥz

mi = ĥz
mj ) and ML equality constraints (ŝ x

mi =
0), respectively. The number of unknowns is 2Lwith the sz

i
constraint. If no redundancy exists on the mirror and light
source positions, two mirror positions are enough to have a
unique solution for two light sources or more. In practice it is
desirable to have more light sources and mirror positions for
better accuracy.

B. Optimization Algorithm

If the normal vector wav is given, both Rm and gmi are
independent on the adaptive variable S and Qmi becomes the
same for all si ’s on the y− z plane. In this case equation (10)
becomes a quadratic function, and the optimization solution
may be obtainable by solving coupled linear equations

∂E

∂si
≈ λ

⎡

⎣(L − 1)Gii si −
L∑

j �=i

Gi j s j

⎤

⎦+ (1− λ)Vii si

= 0. (15)

Unfortunately the normal vector wav is a function of all si ’s,
and the solution is very sensitive to wav . Only slight changes
in wav result in a big error on the solution. Also, an analytic
formula for the derivatives of wav over si is very complicated.

Two different approaches were implemented, i.e., alternat-
ing updates and numerical derivatives [19]. The alternating
updates (AU) approach includes two steps at each iterative
epoch, i.e., one for the estimation of the normal vector wav

by (5) and the other for updating all si ’s by

si ⇐ si − η∂E

∂si

≈ si − η
{
λ

[
(L − 1)Gii si −

L∑

j �=i

Gi j s j

]

+(1− λ)Vii si

}
(16)

where η is a learning rate. The numerical derivatives (ND)
approach utilizes numerical derivatives at each iterative epoch
as

si ⇐ si − η E(si +�si )− E(si )

�si
. (17)

IV. NUMERICAL RESULTS

The performance of the proposed calibration method was
evaluated for simulated data with known light source positions.
Twenty-five or thirteen light sources are arranged on a display
screen, and a camera is located at the top. The display screen
has about 220 mm width and 160 mm height. The camera has
8 mega-byte pixels with about 1 μm pixel size. The calibrating
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TABLE I

TRUE POSITIONS OF THE LIGHT SOURCES AND MIRRORS

mirror is positioned between 180 and 220 mm from the camera
center with rotation angles between 0 and 30 degrees.

We set 25 light sources and 11 mirror positions as the
reference system configuration. Then, to investigate the effect
of the numbers of light sources and mirror positions, we
also tested for 13 light sources and 5 mirror positions. The
exact positions of the light sources in (xyz) coordinates are
summarized in Table I and shown in Figure 5(a). (The 5
mirror positions are selected as the first five mirror posi-
tions in Table I.) The 11 mirror rotation angles and z-axis
translations are also shown in Table I. For the measurement
errors Gaussian random numbers were generated with standard
deviation of 0.1, 0.2, 0.5, and 1.0 mm for the light sources and
0, 0.2, 0.5, 0.7, and 1.0 μm for the glint images, respectively.
For the light source positions the errors were chosen as
practical values with careful measurements by a ruler. Also,
the errors on the glint images correspond to practical accuracy
with current image processing technology and about 1 μm
camera pixel size. Ten random realizations were tested for each
error levels. With each realization the proposed calibration
algorithm was applied to reduce the light source position
errors. The relative weight λ was set to 0.5, which equally
imposes both constraints in (10). Both the alternating updates
(AU) and numerical derivatives (ND) were tested, but the
results were similar.

Figure 5 shows typical results of the error reduction during
the calibration process. In Figure 5(a) twenty-five light sources
and a camera are shown. The positions during the iterative
process are superimposed. In Figure 5(b) each position is
enlarged to show the details for 8 light sources. Here, the
red dot denotes the true position, while the blue circles denote
the positions during the iterative adaptation process. A few
light source positions move to the true positions along almost
a straight line, while the others show curved trajectory to
the true position. Also, for many light sources the converged
positions are not the exact true positions, but become closer
to the true positions. It shows the error surface defined in (10)
is a complex function of the light source positions.

The calibration performance is summarized in Figure 6.
Figure 6(a) shows the mean and standard deviation of

Fig. 5. Typical results of error reduction with 25 light sources and 11 mirror
positions. (a) All right sources. (b) Enlarged 8 sources. The estimated source
positions (blue circles) start from noisy positions and move to the true position
(red dot). All coordinates are in mm units.

converged source position errors for 10 random realizations
with 25 lights sources and 11 mirror positions. The light source
position errors are reduced to about a half. It is worth noting
that the residual errors are not sensitive to the glint imaging
position errors, but sensitive to the initial light source position
errors. Also, to obtain 0.1 mm residual error for about 1 degree
eye-gaze angular error, about 0.2 mm initial error is good
enough for the light source position measurements.

When the number of light sources is reduced to 13 in
Figure 6(b) or the number of mirror positions is reduced to



3224 IEEE SENSORS JOURNAL, VOL. 13, NO. 9, SEPTEMBER 2013

Fig. 6. Residual light source position errors after calibration for (a) 25 light
sources and 11 mirror position/rotations, (b) 13 light sources and 11 mirror
position/rotations, (c) 25 light sources and 5 mirror position/rotations. Both
the mean and standard deviation from 10 random position errors are shown.
Here, σu and σs denote errors of the imaging positions ui and initial light
source position si , respectively.

5 in Figure 6(c), the error reduction becomes less effective.
The number of mirrors is more critical to the calibration
accuracy than the number of light sources.

V. CONCLUSION

We proposed a new calibration algorithm to estimate better
light source positions from measured data, which utilizes

glint images reflected from a mirror at several positions
and rotations. With 25 light source positions and 11 mirror
positions the light source position errors are reduced to about
a half. Although the calibration process is simple, the error
reduction from practical measurement errors results in 0.1 mm
accuracy which is good enough to obtain 1 degree gaze angular
error. Therefore, it becomes possible to use commercial mobile
devices and customized devices as robust eye-gaze estimation
systems for the understanding of human mind.
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